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+C11,Cix1,Ci + C12,Cix2,Ci + C13,Cix3,Ci))/LBi
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&) LQSXWILOWHUFDSDFLWDQFH  ȝ) (?(?
/) LQSXWILOWHULQGXFWDQFH  P+ (?(?
5/) '&5RI/)  Pȍ (?(?
5 ORDGUHVLVWDQFH  ȍ (?(?
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KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\
ACi =
0 −1.52e4 −2.29e4
0 −8.75e4 −1.17e5
0 0 −9.17e4
BCi =
13.08
72.7
109.5
CCi = [−23.65 131.5 198] DCi = − 0.113

௑,GHQWLILFDWLRQ RI LQWHUDFWLRQ HIIHFWV XVLQJ
YDULDQFHEDVHGVHQVLWLYLW\DQDO\VLV
9DULDQFHEDVHGVHQVLWLYLW\DQDO\VLV9%6$
7KH PDLQ LGHD RI 9%6$ LV WKH TXDQWLILFDWLRQ RI WKH LQIOXHQFH RI
XQFHUWDLQLQSXWYDULDEOHV;(? (?>;;;Q@RQWKHPRGHORXWSXW<(?
 (?I;ZLWKRXWWKHDVVXPSWLRQRIPRGHOOLQHDULW\7KLVPRGHOFDQ
EH DSSUR[LPDWHG DV D FRPELQDWRULDO H[SDQVLRQ RI Q DGGLWLYH
FRPSRQHQWVNQRZQDV WKHKLJKGLPHQVLRQDOPRGHOUHSUHVHQWDWLRQ
>@
Y = f 0 + ∑
i = 1
n
f i(Xi) + ∑
1 ≤ i < j ≤ n
f i j(Xi, X j) + ⋯ + f 12...n(X1, X2,
…, Xn)

ZKHUHWKHFRPSRQHQWIL;LUHSUHVHQWVWKHFRQWULEXWLRQWR<E\WKH
LQGHSHQGHQWYDULDWLRQRI WKH LWKYDULDEOH;L WKHVHFRQGRUGHU WHUP
ILM;L ;M UHSUHVHQWV WKH FRQWULEXWLRQV WR < GXH WR WKH LQWHUDFWLRQV
EHWZHHQ LQSXWV;L DQG;M QRW DWWULEXWDEOH WRHLWKHU IL;LRU IM;M
DQG VRRQ(DFKFRPSRQHQW LVRUWKRJRQDO WR HDFKRWKHU7KLV FDQ
IXUWKHU EH GHFRPSRVHG LQ WHUPV RI WKH YDULDQFHV RI WKH RXWSXW
TXDQWLW\DQGQRUPDOLVHG>@VXFKWKDW
1 = ∑
i = 1
n
Si +∑ j > i Si j +∑k > j > i Si jk +⋯+ S12..n 
ZKHUH HDFK 6 WHUP LV DQ DVVRFLDWHG VHQVLWLYLW\ PHDVXUH RI LQSXW
SDUDPHWHUVGHQRWHGE\WKHVXEVFULSWV7KHILUVWRUGHUVHQVLWLYLW\
LQGH[6LRUPDLQHIIHFWLVDQLQGLFDWRURIWKHVLJQLILFDQFHRI;LRQ
WKHYDULDQFHRI<DQGFDQEHFDOFXODWHGXVLQJ>@
Si =
Var[E[Y Xi]]
Var[Y]

ZKHUHWKHWRWDOYDULDQFHRI<XQGHUDOOYDULDWLRQVLVGHQRWHGE\
Var[Y] = ∫ ⋅ ⋅ ⋅∫ ( f (X)dX − f 0)2 
DQGWKHYDULDQFHRIWKHFRQGLWLRQDOH[SHFWDWLRQLV
Var[E[Y Xi]] = ∫
0
1
⋅ ⋅ ⋅∫
0
1
f i
2(X)∏
s ≠ i
k
dXs 
+RPPD DQG 6DOWHOOL >@ LQWURGXFHG WKH WRWDO HIIHFW LQGLFHV 67L
WKDWPHDVXUH WKHHIIHFWRI VLQJOHYDULDEOH ;L LQFOXGLQJ LWVKLJKHU
RUGHUHIIHFWVZLWKRWKHUYDULDEOHV
STi = 1 −
Var[E[Y X ∼ i]]
Var[Y]

ZKHUH;∼LLVDVHWWKDWLQFOXGHVDOOYDULDEOHVH[FHSW;L
%RWKPDLQHIIHFWV6LDQGWRWDOHIIHFWV67LDUHFRPSXWHGWKURXJK
WKH HVWLPDWLRQ RI WKH PXOWLGLPHQVLRQDO LQWHJUDOV XVLQJ 0RQWH
&DUORLQWHJUDWLRQ>@(VWLPDWLRQRIWKHYDULDQFHRIFRQGLWLRQDO
H[SHFWDWLRQV LV DFKLHYHG E\ NHHSLQJ FHUWDLQ LQSXW YDULDEOHV
FRPPRQIRUH[DPSOH6LLVFDOFXODWHGE\NHHSLQJ;LFRQVWDQWZKLOH
VDPSOLQJ DOO RWKHU YDULDEOHV LQGHSHQGHQWO\ DV LQGLFDWHG E\ 
7KHGLIIHUHQFHEHWZHHQ WKH WRWDO HIIHFW LQGLFHV DQG WKH ILUVWRUGHU
LQGLFHV67L(?í(?6LDFFRXQWVIRUWKHLQWHUDFWLRQVRISDUDPHWHU;LZLWK
RWKHUYDULDEOHV
0RGHOOLQJIRU9%6$
7KHVWDELOLW\RIWKHV\VWHPFDQEHDVVHVVHGIURPWKHUHDOSDUWRIWKH
HLJHQYDOXHV RI WKH OLQHDULVHG VPDOOVLJQDO PRGHO 'XH WR WKH
SDUDPHWULF XQFHUWDLQW\ WKH VWHDG\VWDWH RSHUDWLQJ SRLQW [ DQG
V\VWHP HLJHQYDOXHV DUH DOVR XQFHUWDLQ (LJHQYDOXHV PXVW EH
QXPHULFDOO\ FRPSXWHG DQG DUH GHSHQGHQW RQ WKH XQFHUWDLQ LQSXW
YDULDEOHV7KLVSURFHVVFDQEHFRQVLGHUHGDVDPRGHOLQSXW±RXWSXW
PDSSLQJGHQRWHGE\ I;ĺ<ZKHUH; LV WKHYHFWRURIXQFHUWDLQ
LQSXW SDUDPHWHUV DQG < LV WKH UHDOSDUW RI WKH HLJHQYDOXHV
5DQGRP VDPSOLQJ IURP WKH SUREDELOLW\ GLVWULEXWLRQV RI WKH
XQFHUWDLQ YDULDEOHV JHQHUDWHV D XQLTXH VFHQDULR )RU D JLYHQ
VFHQDULR P V\VWHPV ± DUH UHSUHVHQWHG E\ WKH VLPSOLILHG
IRUPG[GW(? (?IP[[LVGHWHUPLQHGZKHQVWDWHYDULDEOHVQRORQJHU
YDU\ZLWKWLPHLH(? (?IP[DQGLVFDOFXODWHGXVLQJDQXPHULFDO
VROYHU IVROYH LQ 0$7/$% )RU HDFK VFHQDULR D OLQHDU WLPH
YDULDQW PRGHO LQ WKH VWDWH VSDFH IRUP LV JHQHUDWHG YLD -DFRELDQ
OLQHDULVDWLRQDERXW[
dx
dt
= Amx + Bmu 
ZKHUH
Am =
∂ f m(x)
∂x x = x0
Bm =
∂ f m(x)
∂u x = x0

0DWUL[ $ LV DQ Q(?î(?Q PDWUL[ ZKLFK KDV D VHW RI Q GLVWLQFW
HLJHQYDOXHVȜȜ«ȜQUHSUHVHQWLQJWKHPRGDOUHVSRQVHRIWKH
V\VWHPDQGLVXVHGWRILQGWKHVWDELOLW\PDUJLQE\DVVHVVLQJWKHUHDO
SDUWRIWKHFULWLFDOHLJHQYDOXHVZKLFKFRUUHVSRQGWRWKHRVFLOODWRU\
PRGHVZLWKWKHOHDVWGDPSLQJUDWLR8QGHUXQFHUWDLQW\DGLIILFXOW\
OLHV LQ WKH VLWXDWLRQ ZKHUH WKH FULWLFDO HLJHQYDOXHV DUH UHODWHG WR
GLIIHUHQW VXEV\VWHPV ,Q WKLV V\VWHP WKH PRVW XQVWDEOH UHVSRQVH
FDQ HLWKHU EH IURP WKH SRRUO\ GDPSHG ILOWHU LQ WKH DFWLYH ORDG 
$/RUDFWLYHORDG$/
3)DQDO\VLVLVXVHGWKHQWRDVVRFLDWHHDFKHLJHQYDOXHZLWKWKHLU
PRVW GRPLQDQW VWDWH YDULDEOHV 3)V VKRZ WKH LQIOXHQFH RI D VWDWH
YDULDEOHLRQDQ\JLYHQHLJHQYDOXHMDQGDUHGHILQHGLQ>@
7KLV DOORZV XV WR UHOLDEO\ LGHQWLI\ DQG JURXS WKH HLJHQYDOXHV WR
XQLTXHVXEV\VWHPV
pi j = wi j vji /∑k = 1
N
wik vki 
7KHWZRPRVWFULWLFDOHLJHQYDOXHSDLUVLQIXUWKHUWH[WUHIHUUHGWRDV
ȜDQGȜLQWKHV\VWHPXQGHUVWXG\DUHUHODWHGWRWKH/&ILOWHU
VWDWH YDULDEOHV RI $/ 9&) ,/) DQG RI $/ 9&) ,/)
UHVSHFWLYHO\7DEOHVKRZVWKHYDOXHVRIȜDQGȜIRU&DVHV$
DQG % XQGHU QRPLQDO FRQGLWLRQV &DVHV $ DQG % GLIIHU RQO\ LQ
QRPLQDO YDOXHV RI LQSXW ILOWHU SDUDPHWHUV RI $/ DV GHILQHG LQ
7DEOH  +RZHYHU LW LV REVHUYHG WKDW XQGHU GLIIHUHQW VFHQDULRV
ZLWKLQ WKHXQFHUWDLQW\ UDQJHVGHILQHG LQ7DEOH WKH UHDOSDUWVRI
ERWK WKH FULWLFDO HLJHQYDOXHV ZKHUH HDFK FULWLFDO HLJHQYDOXH LV
UHODWHG WR HLWKHU $/ RU $/ GR FKDQJH 7KLV LQGLFDWHV WKDW
QRQOLQHDU FRXSOLQJHIIHFWVEHWZHHQ VXEV\VWHPV$/DQG$/DUH
7DEOH(? &DVH$DQG&DVH%YDOXHVIRULQSXWILOWHURIDFWLYHORDG
6\PERO 3DUDPHWHU 1RPLQDOYDOXH&DVH$ 1RPLQDOYDOXH&DVH% 8QLWV 8QFHUWDLQW\
&) LQSXWILOWHUFDSDFLWDQFH   ȝ) (?(?
/) LQSXWILOWHULQGXFWDQFH   P+ (?(?
5/) '&5RI/)   Pȍ (?(?

-(QJ9RO,VVSS
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\

WKHUHVXOWRIWKHLQWHUDFWLRQVDPRQJDVHWRISDUDPHWHUVRI$/DQG
$/
9%6$LVXVHGKHUHWRHVWLPDWHWKHVHQVLWLYLW\RXWSXWYDULDQFH
RI WKH UHDO SDUW RI FULWLFDO HLJHQYDOXHV 5HȜ 5HȜ WR
XQFHUWDLQ V\VWHP SDUDPHWHUV 5OLQH &) /) 5/) 5 &) /)
5/) 5 LQ WKH XQFHUWDLQW\ UDQJH GHILQHG LQ 7DEOHV  7KH
SURFHGXUHLVRXWOLQHGEHORZ
L6DPSOHWKHSUREDELOLW\GLVWULEXWLRQRIDOOXQFHUWDLQSDUDPHWHUV
XVLQJ WKH SVHXGRUDQGRP VDPSOLQJ PHWKRGRORJ\ IRU 9%6$ DV LQ
>@WRJHQHUDWHDQLQSXWYHFWRURIQXQLTXHVFHQDULRV
LL)RUHDFKVFHQDULRXVHWKHSURFHGXUHGHVFULEHGLQ6HFWLRQD
&DOFXODWH D VWHDG\VWDWH RSHUDWLQJ SRLQW IRU HDFK VFHQDULR E
OLQHDULVH WKH PRGHO WR REWDLQ WKH $ PDWUL[ DQG FDOFXODWH
HLJHQYDOXHVFLGHQWLI\WKHWZRFULWLFDOHLJHQYDOXHSDLUVȜDQG
ȜDQGDVVRFLDWHWKHPZLWKORDG$/RU$/XVLQJ3)DQDO\VLV
LLL &DOFXODWH6L DQG 67L IRU ERWK 5HȜ DQG 5HȜ XVLQJ WKH
HVWLPDWRUSUHVHQWHGLQ>@
7KH WRWDO FDOFXODWLRQ WLPHZDV∼(팀s WRSHUIRUPXQLTXH
PRGHO HYDOXDWLRQVXVLQJ DQ ,QWHO&RUH L#*+]ZLWK
*%RIPHPRU\
5HVXOWVDQGGLVFXVVLRQ
9%6$UHVXOWVIRUWKHV\VWHPXQGHUVWXG\DUHVKRZQLQ)LJVDQG
7KHILUVWRUGHUVHQVLWLYLW\LQGLFHV6LLQGLFDWHWKDWLQERWK&DVHV$
DQG%Ȝ UHVSRQGVWRFKDQJHVLQ$/SDUDPHWHUV5&)/)
5/) ZKHUHDV 5HȜ UHVSRQGV PDLQO\ WR FKDQJHV LQ $/
SDUDPHWHUV 5&)/)5/)7KLV LVH[SHFWHGDVȜ DQGȜ
KDYHEHHQFODVVLILHGE\WKHLUGRPLQDQWSDUWLFLSDWLRQIDFWRUVZKLFK
DVVRFLDWHWKHPHLWKHUZLWK$/RUZLWK$/7KHUHVXOWVVKRZWKDW
WKH PRVW LQIOXHQWLDO SDUDPHWHU IRU ERWK 5HȜ DQG 5HȜ LV
5OLQH PHDQLQJ WKDW WKH UHGXFWLRQ LQ WKH XQFHUWDLQW\ RI 5OLQH ZLOO
UHGXFHWKHRXWSXWYDULDQFHWKHPRVW&RPSDULQJ&DVH$WR&DVH%
LWFDQEHREVHUYHGWKDW WKH\GLIIHUSULPDULO\ LQ WRWDOHIIHFW LQGLFHV
67LDQGLQWHUDFWLRQHIIHFWV67L(?í(?6L
8QGHUWKHPDWFKLQJILOWHUVFDVH&DVH$WKHWRWDOYDULDQFHVRI
5HȜ UHVSRQG WR FKDQJHV LQ ERWK $/ DQG $/ SDUDPHWHUV
LQGLFDWLQJ LQWHUDFWLRQV EHWZHHQ WKH SDUDPHWHUV RI WKHVH WZR ORDG
VXEV\VWHPV LH YDU\LQJ PXOWLSOH SDUDPHWHUV VLPXOWDQHRXVO\
SURGXFHV D QRQDGGLWLYH UHVSRQVH RQ WKH PRYHPHQW RI WKH
HLJHQYDOXH2I LQWHUHVW LV WKH VLJQLILFDQW LQWHUDFWLRQHIIHFWRI5OLQH
ZKLFKVXJJHVWV WKDW WKHEHKDYLRXURI5OLQHRQ5HȜGHSHQGVRQ
WKH RWKHU LQWHUDFWLQJ YDULDEOHV 7KLV SKHQRPHQRQ LV LQYHVWLJDWHG
IXUWKHULQWKHIROORZLQJVHFWLRQ
7KH UHVXOWV LQ )LJ  VKRZ WKDW &DVH % H[KLELWV PLQLPDO
LQWHUDFWLRQ HIIHFWV DQG QR LQWHUDFWLRQ EHWZHHQ $/ DQG Ȝ DQG
$/DQGȜPHDQLQJWKDWSDUDPHWHUVZLWK]HURLQWHUDFWLRQWHUPV
ZLOO KDYH QR HIIHFW RQ WKH VHQVLWLYLW\ RI DQ\ RWKHU SDUDPHWHU )RU
H[DPSOHFKDQJHVLQWKHYDOXHRI/)LQWKHXQFHUWDLQW\UDQJHZLOO
QRWDIIHFW5HȜDVVRFLDWHGZLWK$/
$OLPLWDWLRQRIXVLQJWKHWRWDOHIIHFWVHQVLWLYLW\PHDVXUHLVWKDW
LW FDQQRW LGHQWLI\ ZKLFK SDUWLFXODU SDUDPHWHUV DUH LQWHUDFWLQJ
0RGLILFDWLRQRIWKHDGRSWHGVDPSOLQJSURFHGXUHDQGHVWLPDWRUFDQ
EH PDGH WR DFFRPPRGDWH WKH QG RUGHU DQG KLJKHU RUGHU
VHQVLWLYLWLHV >@ DW WKH H[SHQVH RI LQFUHDVHG WRWDO FRPSXWDWLRQ
WLPH$GGLWLRQDOO\ LW LV LPSRUWDQW WRQRWH WKDW9%6$LQGLFHVRQO\
VKRZ WKH LPSRUWDQFHRISDUWLFXODUYDULDEOHVDQGGRQRWTXDQWLI\
ZKHWKHU LQFUHDVLQJ RU GHFUHDVLQJ D YDULDEOH ZLOO GHVWDELOLVH RU
VWDELOLVHWKHV\VWHP
௑0RGDODQDO\VLVRIVRXUFHVLGHUHVLVWDQFH
7RIXUWKHULQYHVWLJDWHWKHHIIHFWRI5OLQHRQWKHVWDELOLW\RI&DVH$
V\VWHP WKH ORFDO VHQVLWLYLW\ 5HȜ5OLQH LV FDOFXODWHG IRU
GLIIHUHQW YDOXHV RI $/ LQSXW ILOWHU UHVRQDQW IUHTXHQF\ 7KLV LV
DFKLHYHGE\DGMXVWLQJSDUDPHWHUV/)DQG&)5HVXOWVSUHVHQWHGLQ
)LJVDQGLQGLFDWHGUDVWLFDOO\GLIIHUHQWEHKDYLRXUVRIWKHV\VWHP
XQGHUSHUWXUEDWLRQVLQ5OLQH
7DEOH(? 3)DQDO\VLVRIFULWLFDOHLJHQYDOXHVIRU&DVHV$DQG%XQGHUQRPLQDOFRQGLWLRQV
&DVH$ &DVH% 6WDWHYDULDEOHVZLWKKLJKHVW3)V
Ȝ í(?(?L í(?(?L 9&),/)
Ȝ í(?(?L í(?(?L 9&),/)

)LJ௒(VWLPDWLRQRI9%6$VHQVLWLYLW\LQGLFHVIRU&DVH$

)LJ௒(VWLPDWLRQRI9%6$VHQVLWLYLW\LQGLFHVIRU&DVH%

)LJ௒(IIHFWVRIXQFHUWDLQW\ LQ&)DQG/)RQFULWLFDOHLJHQYDOXH
VHQVLWLYLW\ WR 5OLQH FKDQJHV LQ &DVH  $OO RWKHU SDUDPHWHUV DW QRPLQDO
YDOXHV

 -(QJ9RO,VVSS
7KLVLVDQRSHQDFFHVVDUWLFOHSXEOLVKHGE\WKH,(7XQGHUWKH&UHDWLYH&RPPRQV$WWULEXWLRQ/LFHQVH
KWWSFUHDWLYHFRPPRQVRUJOLFHQVHVE\
7KHUHVXOWVLQ)LJFDQEHFODVVLILHGLQWRWKUHHUHJLRQV
5HJLRQ  OLQH UHVLVWDQFH LV VWDELOLVLQJ GXH WR HTXLYDOHQW VHULHV
GDPSLQJRIWKHILOWHUV
5HJLRQ  OLQH UHVLVWDQFH LV GHVWDELOLVLQJ GXH WR LQFUHDVH LQ ILOWHU
FRXSOLQJHIIHFWV
5HJLRQFULWLFDOHLJHQYDOXHLQVHQVLWLYLW\WRFKDQJHVLQ5OLQHZKHQ
WKHWZRILOWHUVDUHPDWFKHG
)RUFODULW\DFURVVVHFWLRQDOYLHZRI)LJLVVKRZQLQ)LJZKHQ
/) LV QRPLQDO )URP WKLV LW FDQ EH VHHQ WKDW IRU 5OLQH WR KDYH D
GDPSLQJHIIHFWWKHV\VWHPKDVWRRSHUDWHLQ5HJLRQ
௑9DOLGDWLRQYLDWLPHGRPDLQVLPXODWLRQ
7KHGHWDLOHGVZLWFKLQJPRGHORIWKHV\VWHPDVVKRZQLQ)LJLV
VLPXODWHGXVLQJ6LPXOLQN6LP3RZHU6\VWHPVOLEUDU\7KHHIIHFWVRI
FKDQJHV LQ5OLQHXQGHUGLIIHUHQWRSHUDWLQJFRQGLWLRQVDV LGHQWLILHG
LQ 6HFWLRQ  DUH YHULILHG XVLQJ WLPHGRPDLQ VLPXODWLRQV 7R
LQYHVWLJDWH WKH HIIHFW RQ WKH VWDELOLW\ WKH WLPHGRPDLQ VLPXODWLRQ
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